We consider a partial differential inclusion problem which models stress-free martensitic inclusions in an austenitic matrix, based on the standard geometrically nonlinear elasticity theory. We show that for specific parameter choices there exist piecewise affine continuous solutions for the square-to-oblique and the hexagonal-to-oblique phase transitions. This suggests that for specific crystallographic parameters the hysteresis of the phase transformation will be particularly small.
Introduction
Shape memory alloys are materials that are able to remember their original shape after deformation. The microscopic mechanism behind this phenomenon is a martensitic phase transition, that is a diffusionless firstorder solid-solid phase transformation. For their various applications, a good understanding of the hysteresis accompanying the phase transition is essential. In the last decade, a large body of research has been devoted to the study of certain low-hysteresis alloys, which are favourable for applications as actuators or sensors. A new theory of hysteresis has been developed, in which the compatibility of the high-temperature austenite phase and the martensitic variants plays an important role [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . It has been confirmed experimentally for a large class of materials that the higher the compatibility between the phases, the lower is the associated hysteresis of the phase transition. Based on these observations, it has been conjectured that the main energy barrier leading 2 rspa.royalsocietypublishing.org Proc. R. Soc. A 
to hysteresis is related to the minimal energy that is required to form a martensitic nucleus of a critical size in an austenitic matrix.
Prominent compatibility conditions include for instance the so-called λ 2 = 1 condition [1, 2, 12] , the so-called cofactor conditions [1, [14] [15] [16] , and the existence of stress-free inclusions. Geometrically, the λ 2 = 1 condition asserts that straight interfaces between austenite and one variant of martensite are possible for some specific orientations, while the cofactor condition even permits stress-free austenite/martensite interfaces with many macroscopic orientations. However, even the latter condition does not trivially allow for stress-free inclusions. Another approach is based on the average gradients which can be obtained mixing the martensitic variants [17] . Interior nucleation with incompatibilities was addressed in [18, 19] . Nucleation with branched microstructures was considered in [20] . Branched microstructures at austenitemartensite interfaces have been studied in [21] [22] [23] [24] [25] [26] [27] [28] .
In this article, we address the stronger and more classical condition of compatibility to ask for stress-free inclusions for which the total length of interfaces is finite. There is a large mathematical literature on related partial differential inclusion problems [29] . Starting with the work by Müller & Šveràk [30] , it has been known that for many phase transitions, there are solutions to the related partial differential inclusion problems obtained by convex integration schemes, see also [31] for a related approach. Since the so-obtained deformations are highly oscillatory and hence considered unphysical, one is naturally led to the question whether solutions with higher (surface) regularity exist. More precisely, solutions obtained by convex integration often allow for gradients in L ∞ but not in BV (e.g. [32, 33] for the geometrically nonlinear two-well problem, [34] for solutions with a very small number of possible gradients, [35, 36] for the geometrically nonlinear three-well problem and [37] for results on the geometrically linear six-well problem). First steps towards a more precise understanding of this dichotomy can be found in [38] and in the quantitative multiwell rigidity results [39] [40] [41] [42] .
We consider here a two-dimensional situation, and, for the two possible high-symmetry choices of the austenitic phase, we seek to identify conditions on the crystallographic parameters which allow for stress-free piecewise affine martensitic nuclei with finite interfaces. Physically, our results indicate that for specific values of the crystallographic parameters the hysteresis of the phase transition is expected to be very small. In turn, the crystallographic parameters can be tuned by selecting the chemical composition of the alloys, as was done, for example, in [12] . Mathematically, this leads to a partial differential inclusion problem to seek for nonempty bounded Lipschitz domains Ω ⊂ R 2 (representing the martensitic nucleus) and piecewise affine Lipschitz functions u : R 2 → R 2 such that ∇u takes values in the martensite wells inside Ω, and in the austenite well outside Ω (see §2 for details). The results from [32, 33] show that such inclusions are in general impossible for two martensitic variants. We prove existence of such inclusions for special families of the square-to-oblique and the hexagonal-to-oblique transitions. In the first case, the austenite lattice obeys cubic symmetry and transforms to four martensitic variants, while in the latter case, the austenite lattice obeys hexagonal symmetry and transforms to six martensitic variants. In the square case, the family of transformations is characterized by the fact that they leave the angle between a pair of cubic symmetry axes unchanged, in the sense that (in a cubic basis) the angle between Ue 1 and U(e 1 + e 2 ) equals the angle between e 1 and e 1 + e 2 , or permutations thereof, where U denotes a transformation stretch matrix of a martensitic variant (see §3a). In the hexagonal case, a similar condition holds with the axes e 1 and e 1 + √ 3e 2 (see §3c). To prove existence of solutions to the differential inclusion problem for specific classes of crystallographic parameters, we use constructions which are based on a comment after Remark 2 in [30] , and have been worked out in detail in ( [43, Appendix, 44, 45] ). We point out that the constructions themselves are not new, but, to the best of our knowledge, their present interpretation in the context of modelling of two-dimensional shape-memory-alloys in a geometrically nonlinear setting is. Similar structures have also been found experimentally, see [46] and the discussion in [47] in a geometrically linear context. Furthermore, the former constructions have also been used in the geometrically linear setting, and in particular as building blocks for convex integration schemes (see, e.g. [ 
can produce either a not simply connected nucleus with finitely many straight interfaces or a simply connected nucleus containing countably many interfaces with finite total length. This paper comprises results from the Master's thesis [49] . Related results in a geometrically linear setting are obtained in [50] , based on an OxPDEs Summer Research Project report by S. Patching supervised by P. Cesana and A. Rüland. (a) Martensitic phase transitions and symmetry properties
We consider the standard model for martensitic phase transitions which starts from a continuum theory of nonlinear elasticity. We essentially follow [29, [51] [52] [53] , but restrict our exposition to the two-dimensional setting. For a crystal occupying some domain Ω ⊂ R 2 , a deformation u : Ω → R 2 requires a free elastic energy, given by
where W : R 2×2 × R + → [0, ∞] is the free energy density which depends only on the deformation gradient and the temperature. It has two basic symmetry properties, namely the frame invariance, that is
2×2 and θ ∈ R + ; ( 1.1) and the material symmetry
where P ⊂ O(2) denotes the point group of the austenite lattice. We assume the typical setting of martensitic phase transitions: at high temperatures, the free energy density W has a (up to frame invariance) unique minimizer. At lower temperatures, the free energy density is assumed to have a local minimum at SO(2) and being equi-minimized at wells SO(2)U j , j = 1, . . . , m. We take as reference configuration the austenite phase at the critical temperature. The matrices U j represent the variants of martensite and are symmetry related via
We set
Then K consists of wells SO(2)U j , the martensitic variants. We specialize to the case that the point group P m of the martenstic lattice is a subgroup of P. Then the number of distinct wells in K is #P #P m .
The partial differential inclusion problem
We consider nucleation problems in the context of phase transformations obeying the symmetry properties described in the introduction and seek for parameters such that there exist piecewise affine stress-free martensitic nuclei with finite interfaces. More precisely, we aim to find a nonempty bounded Lipschitz domain Ω ⊂ R 2 , and a continuous piecewise affine function u :
We note that by the Liouville theorem, for any solution to (2.1), we have ∇u = R in the unbounded connected component of R 2 \ Ω for some fixed R ∈ SO (2), and hence R T u yields a solution to (2.1) with u = id outside a bounded set. By definition, all matrices in K from (1.4) have the same determinant. Therefore, if a solution to (2.1) exists, then by the Gauß theorem
Consequently, since for all 2 × 2-matrices U with determinant 1, the well SO(2)U is rank-one connected to the identity (see, e.g. [54, Proposition 3.4] or [55, Appendix] ), the deformation transforming the austenite lattice to a martensitic variant is represented by a shearing U = I + an ⊥ ⊗ n with some a ∈ R \ {0} and n ∈ S 1 , n ⊥ = (−n 2 , n 1 ).
We note that there is a bijective mapping
Therefore, given an austenite lattice structure, there is in general a two-parameter family of possible crystallographic changes. Each of them allows for planar interfaces between I and an arbitrary martensitic variant (i.e. by Hadamard's jump condition, there are continuous maps u :
, which is necessary but not sufficient to yield a solution to (2.1). Note that depending on the underlying symmetry group P of the austenite lattice, different sets K arise in (1.4). In the sequel, we consider austenite lattices with cubic and hexagonal symmetries. We will show that for a specific one-parameter family of shear deformations, solutions to (2.1) exist. The question whether for other crystallographic changes solutions exist or not remains open for future research.
The constructions
The constructions we will use are special cases of the rotated-square construction discussed in the introduction [43] [44] [45] . We briefly recall the idea behind it and collect some basic properties in §3a. For precise definitions of the constructions, we refer to § §4 and 5. We focus on the construction building on a square, which will be used in §4, the one based on a triangle (see §3c) used in §5 being similar.
(a) The square case figure 1 . Each of them has one side in common with one of the two squares, and the third vertex on the other square. The triangles are chosen so that they form a disjoint partition of Q b \Q s (up to null-sets), which respects the rotational symmetry of the lattice, in the sense that a 90 • -rotation around the origin maps each triangle of the partition into another one. Now, the rotated-square construction is the unique continuous map u : R 2 → R 2 with the following properties (figure 1):
-In the inner square Q s , the deformation u is given by a rotation R ∈ SO(2) around the origin which maps (A, B) to (−A, B).
Note that the rotation of the inner square Q s is such that every triangle of the partition is mapped to a triangle of the same area. This is most easily seen for the 'external' triangles, such as T 8 : the basis remains fixed, and the vertex moves so that the height is unchanged. The same holds (as one can see from the fact that the total area is unchanged) for the other triangles as well. From this it follows that each triangle is mapped to a congruent one. Clearly, this yields a two-parameter family of continuous piecewise affine deformations (e.g. parameterized by the coordinates A and B) with det ∇u = 1 almost everywhere. If this construction yields a solution to (2.1), then also any uniformly scaled and rotated version does.
(b) Necessary conditions for symmetry-related gradients
We shall show in §4 that a one-parameter family of the rotated-square constructions fits into the setting described in §2 with Ω = Q b \Q s , i.e. all the gradients in the triangles T i correspond to symmetry-related martensitic variants. To motivate the specific one-parameter family considered later, we take a slightly different view on the construction, and scale it differently for the ease of notation. We start with the triangle T 1 , which has one side in common with the smaller square Q s , figure 2 . We parameterize the (congruency class of the) triangle by the ratio of the side lengths of the two edges that do not lie on the boundary of the small square, and the angle φ they enclose. By scaling and choice of an orthonormal coordinate system {e 1 , e 2 }, we may assume that one of these sides is of length 1 along e 1 and the other one is of length a > 0 along v 1 ∈ S 1 with e 1 · v 1 = cos φ. Since T 1 needs to be a subset of Q b with a common vertex, see also figure 1, φ ∈ (0, π/2), and we consider only a = 1 since otherwise the rotated-square construction degenerates to the identity map. Under the rotated-square construction u described above, the triangle is mapped to a triangle, with one side of length a and one side of length 1 which enclose an angle of φ. Hence, 
there is a rotation R ∈ SO (2) 
Suppose now that the rotated-square construction yields a solution to the partial differential inclusion problem (2.1) for some point group P ⊂ O(2). Then, in particular U 1 , U 2 ∈ K, and thus
Then we have (denoting by | · | the Euclidean norm)
Therefore, since a and 1/a are simple eigenvalues of U 2 , we deduce that Qe 1 ∈ {±e 1 } and Qv 1 ∈ {±v 2 }.
Since Q ∈ O(2), we necessarily have
and therefore
This necessary condition fixes the angle enclosed by the eigenvectors of the deformation stretch matrices. Note that in the basis {e 1 , e 2 } (replacing e 2 by −e 2 if necessary), U 1 is given by
We will see later that in this case, the construction yields a solution to (2.1) with four distinct martensitic energy wells, which can be interpreted as a stress-free inclusion for a square-toparallelogram transition.
(c) The triangle case
We can proceed similarly for the second construction from [44, 45] Proceeding similarly as in the square case, we find that from this two-parameter family of deformations only a one-parameter family can yield a solution to (2.1) with Ω = T b \T s . This family, which is characterized by the fact that V 1 e 1 = ae 1 and
will be considered in §5 (see §5 for the precise definitions). In that case, six distinct martensitic variants will be required, which yields a solution to (2.1) for a hexagonal-to-oblique transition.
The square-to-oblique phase transition
In this section, we will show that under the necessary condition (3.1) derived in the previous section (3.1), the rotated-square construction always yields a solution to (2.1) for a square-toparallelogram phase transition. Suppose that the austenite lattice is cubic, and denote by e 1 and e 2 two orthogonal axis of the cubic lattice (figure 4a). For a > 0, we let the deformation stretch matrix U 1 be characterized by (see figure 5 )
Note that the point group of the square has eight elements, and the point group of the martensitic lattice for a = 1 (which is the symmetry group of a parallelogram) has two elements. Therefore, the set K from (1.4) consists of four energy wells
where
We have for U i = P i U 1 P T i with P i ∈ P c (figure 6) In particular, all four matrices have eigenvalues a and 1/a, and one eigenvector along a cubic axis e i and one along a diagonal e 1 ± e 2 .
We now show that for this crystallographic change, solutions to (2.1) exist. 
Remark 4.2.
We use the rotated-square construction discussed in §3, which leads to a not simply connected set Ω with one hole. The deformation gradient ∇u takes only (at most) six different values, namely one from each martensitic well and two rotations. From the statement, it is clear that ∇u is constant in the unbounded connected component of R 2 \ Ω, and composing with an isometry we easily obtain u = id there. Iterating the construction, we can obtain a Lipschitz function u such that ∇u ∈ K c almost everywhere in a square, u = id outside and ∇u ∈ BV loc .
Proof. We show that the construction from [44, 45] discussed in §3a fits into this setting. Before giving the explicit deformation, let us recall the idea behind the construction in our situation (see §3a). We use appropriate triangles with two sides parallel to eigenvectors of the transformation matrices. We work in the orthogonal coordinate system {e 1 , e 2 }.
Step 1. Consider the triangle T 1 with corners (0, 0),
. It has one side of length 1 parallel to e 1 and one side of length a parallel to (e 1 + e 2 ). In this triangle, we apply the linear deformation x → U 1 x. By (4.4), the image of T 1 under this deformation is again a triangle with two sides parallel to e 1 and (e 1 + e 2 ), respectively, but of interchanged lengths, i.e., the triangle with corners (0, 0), (a, 0), (1/ √ 2, 1/ √ 2). Note that two sides of T 1 are parallel to eigenvectors of U 1 , and that U 1 is rank-one-connected to U 2 and U 4 along these sides, respectively.
Step 2. Consider now the adjacent triangle T 2 with corners (0, 0), (1, 0), (1 + a/ √ 2, −a/ √ 2), which has one side of length 1 parallel to e 1 , and one side of length a parallel to (e 1 − e 2 ). In this triangle, we apply the linear deformation x → U 2 x. Note that this is compatible with the deformation in T 1 since U 1 e 1 = U 2 e 1 .
Step 3. We now turn to the triangle T 3 with corners (1, 0),
, which has one side of length a parallel to (e 1 − e 2 ), and one side of length 1 parallel to e 2 (see figure 7) . In T 3 , we apply the affine mapping x → U 3 x + (a − 1/a)(e 1 − e 2 ). This in compatible with the deformation in the adjacent triangle T 2 since U 2 (e 1 − e 2 ) = U 3 (e 1 − e 2 ). 
Note that (up to translation), T 3 results from T 1 by a rotation of 90 • , and U 3 = P T 3 U 1 P 3 , where P 3 represents this rotation. We hence proceed by symmetry, and obtain the deformation sketched in figure 7 .
Precisely, there is a continuous map u : R 2 → R 2 with
where withã := a/ √ 2,
,
Here, we use the notation xyz to denote the convex hull of {x, y, z} ⊂ R 2 .
Step 4. If we apply this deformation, then the inner and the outer square (red and green, respectively, in figure 7 ) are rotated, up to translation of the inner square. Precisely, we first extend the deformation affinely to the inner square with corners (ã,ã), (1, 0), (1 +ã, 1 −ã) and (2ã, 1). The rotation Q = ∇u is determined by its action on the boundary of the square. Precisely, consider the vectors
which are parallel to the sides of the square. Then by Hadamard's jump condition, a necessary condition for the continuity of the deformation is that
Consequently, since f 1 · f 2 = 0 and |f 1 | = |f 2 |, we obtain
Clearly, Q ∈ SO (2) , and the deformation u can be extended continuously inside the small square via
Outside the outer (red) square with corners (0, 0), (1 +ã, −ã), (1 + 2ã, 1) and (ã, 1 +ã), the deformation is a rotation x → Rx, determined by its action on Precisely, we obtain
The so-defined deformation u satisfies all the required properties, and, therefore, the proof is concluded.
The hexagonal-to-oblique phase transition
Our second example concerns the hexagonal-to-oblique phase transition, for which we find solutions to (2.1) using the triangle construction. Here, the austenite lattice obeys hexagonal symmetry, i.e. its point group has six elements. We fix an orthonormal coordinate system {e 1 , e 2 } where e 1 and e 2 are two symmetry axes of the hexagonal lattice (figure 4b). We proceed along the lines of §4. For a > 0, we consider a transformation matrix V 1 such that
i.e.
In particular, the eigenvectors e 1 and √ 3e 1 + e 2 enclose an angle of 30 • and lie on symmetry axes of the austenitic lattice, in the sense that the reflections about these two axes belong to the point group P h (figure 8). Then for a = 1, the point group of the martensite lattice is the symmetry group of an irregular triangle, and thus contains only the identity. Therefore, there are six martensitic wells, given by SO(2)PV 1 P T for P ∈ P h with We now show that in this setting, there exist solutions to the inclusion problem (2.1). 
Proof.
We proceed similarly as in the proof of theorem 4.1, employing the rotated-triangle construction from [44, 45] sketched in §3c, and use triangles which have one side of length a (respectively 1) parallel to an eigenvector to the eigenvalue 1/a (respectively a) of a matrix V i 
(see figure 9) . This yields the piecewise affine deformation 
